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, ' Abstract 

hi ■ 

^ Cy . In order to extend the blow-up criterion of solutions to the Euler equations, Kozono and Taniuchi [12j have 
proved a logarithmic Sobolev inequality by means of isotropic (elliptic) BMO norm. In this paper, we show 
a parabolic version of the Kozono- Taniuchi inequality by means of anisotropic (parabolic) BMO norm. More 
precisely we give an upper bound for the L°° norm of a function in terms of its parabolic BMO norm, up 
to a logarithmic correction involving its norm in some Sobolev space. As an application, we also explain how 
' to apply this inequality in order to establish a long-time existence result for a class of nonlinear parabolic 
• ' problems. 
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^ : 

^ ! 1 Introduction and main results 
T— I ■ 

. In [12], Kozono and Taniuchi showed an estimate of a given function by means of its BMO 

\ norm (space of functions of bounded mean oscillation) and the logarithm of its norm in some Sobolev 

^ ' space. In fact, they proved that for / G VKp(R"'), 1 < p < oo, the following estimate holds (with 

. log"*" X = max(log x, 0)): 

X ■ II/IIl-{R") < C{1 + ||/||ijAfO{M")(l + log+ WfWw^iw^))), sp > n, (1.1) 

■ - - ' for some constant C = C{n,p,s) > 0. The main advantage of the above estimate is that it was 
successfully applied (see [111 Theorem 2]) to extend the blow-up criterion of solutions to the Euler 
equations which was originally given by Beale, Kato and Majda in [1]. Inequality (jl.ip . as well as 
some variants of it, are shown (see [12 ^ 114 ^ ITT]) using harmonic analysis on isotropic functional spaces 
of the Lizorkin-Triebel and Besov type. However, as is well known, it is important, say for parabolic 
partial differential equations to consider spaces that are anisotropic. 

Motivated by the study of the long-time existence of a certain class of singular parabolic coupled 
systems (see [SJ [9]), we show in this paper an analogue of the Kozono- Taniuchi inequality (II. ip but 
of the parabolic (anisotropic) type. Due to the parabolic anisotropy, we consider functional spaces 
on M""^^ = M" X M with the generic variable z = (x, t), where each coordinate Xj, z = 1 • • • n is given 



*Universite Paris-Est, CERMICS, Ecole des Fonts, 6 et 8 avenue Blaise Pascal, Cite Descartes Champs-sur-Marne, 
77455 Marne-la-Vallee Cedex 2, France. E-mails: ibrahim@cermics.enpc.fr, monneau@cermics.enpc.fr 
^CEREMADE, Universite Paris-Dauphine, Place De Lattre de Tassigny, 75775 Paris Cedex 16, France 
*LaMA-Liban, Lebanese University, P.O. Box 826 Tripoli, Lebanon 



1 



the weight 1, while the time coordinate t is given the weight 2. We now state the main results of 
this paper. The first result concerns a Kozono-Taniuchi parabolic type inequality on the entire space 
]^n+i_ Introducing parabolic bounded mean oscillation BMOp spaces, and parabolic Sobolev spaces 
^2m,m ^£^^ ^j^g definition of these spaces, see Definitions 12.11 and 12 . 2p . we present our first theorem. 

Theorem 1.1 (Parabolic logarithmic Sobolev inequality on IR"+^) 

Let u G VF2™''™(M""^"^), m > ^^j^. Then there exists a constant C = C{m,n) > such that: 

II'"IIl°°(K" + 1) <C(^l+ \\u\\bMOp(R" + ^) (l + log^ ||n||^2m,m|.jg„ + i^^^ . (1.2) 

The proof of Theorem 1 1.1 1 will be given in Section O and is based on an approach developed by Ogawa 
|14j . Let us mention that our proof in this paper is self-contained. The second result of this paper 
concerns a Kozono-Taniuchi parabolic type inequality on the bounded domain 

= (0,1)" X (o,r) c M"+\ r>o. 

More precisely, our next theorem reads: 

Theorem 1.2 (ParaboUc logarithmic Sobolev inequality on a bounded domain) 

Let u G VF^'"'™'(r27^) with m > ^^j^. Then there exists a constant C = C{m,n,T) > such that: 

ML--(nT) <c(l + \\u\\-BMOp{nT) + ll'"llw2"''"(f^T))) ' (^-^^ 

where \\ ■ WsMOpinr) = H ' HbmOpCHt) + II • Wl^Qt)- 
The proof of Theorem 11.21 will be given in Section [3j 



1.1 Brief review of the literature 

The brief review presented here only concerns logarithmic Sobolev inequalities of the elliptic type. 
Up to our knowledge, logarithmic Sobolev inequalities of the parabolic type have not been treated 
elsewhere in the literature. 

The original type of the logarithmic Sobolev inequalities was found in Brezis-Gallouet [3j and 
Brezis-Wainger [3| where the authors investigated the relation between and Wp and proved 

that there holds the embedding: 

||/||L-(Rn) < C(l + log'^(l + ||/||H-^.(Kn))), sp>n (1.4) 

provided ||/||vi/*(R") ^ 1 for kr = n. The estimate ()1.4|) was applied to prove global existence of 
solutions to the nonlinear Schrodinger equation (see [31 [7|). Similar embedding for / S (VFp(M"))"' 
with div/ = was investigated by Beale-Kato-Majda in The authors showed that: 

||V/||l^ <C(l + ||rot/|U^(l + log+||/||^^.+i) + ||rot/||i2), sp > n, (1.5) 

where they made use of this estimate in order to give a blow-up criterion of solutions to the Euler 
equations (see [1]). In [12], Kozono and Taniuchi showed their inequality (jl.ip in order to extend the 
blow-up criterion of solutions to the Euler equations given in [ij (see }12i Theorem 2] ) . A generalized 
version of (jl.ip in Besov spaces was given in Kozono-Ogawa- Taniuchi [11]. Finally, a sharp version 
of the logarithmic Sobolev inequality of the Beale-Kato-Majda and the Kozono-Taniuchi type in the 
Lizorkin-Triebel spaces was established by Ogawa in [14j . 
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1.2 Organization of the paper 



This paper is organized as follows. In Section[2l we recall basic tools used in our analysis, and give the 
proof of Theorem 11.11 In Section [3l we present the proof of Theorem 11.21 and as an application, we 
explain how to use the parabolic Kozono-Taniuchi inequality in order to prove the long-time existence 
of certain parabolic equations. 

2 A parabolic Kozono-Taniuchi inequality on R"^+^ 

This section is devoted to the proof of Theorem 11.11 



2.1 Preliminaries and basic tools 

2.1.1 Parabolic BMOp and Sobolev spaces 

We start by recalling some definitions and introducing some notations. A generic point in M"+^ will 
be denoted hy z = (x, t) e M" x M, x = (xi, . . . , x„). Let S'(M"+^) be the usual Schwartz space, and 
5'(]R'^+^) the corresponding dual space. Let u G S'{W+'^). For ^ = (^i, . . . , e M" and r € M we 
denote by J^u{S,, r) = u{^, r), and J^~^u{(,, r) = u{£,, r) the Fourier, and the inverse Fourier transform 
of u respectively. We also denote Z)[ = r G N, and D^, s G N, any derivative with respect to x 
of order s. The parabolic distance from z = (x, t) to the origin is defined by: 

\\z\\ = max . . . , |x„|, . (2-1) 

Let O C M""*"^ be an open set. The parabolic bounded mean oscillation space BMOp and the 
parabolic Sobolev space W2^'^ are now recalled. 

Definition 2.1 (Parabolic bounded mean oscillation spaces) 

A function u G Lj^^(0) is said to be of parabolic bounded mean oscillation, u £ BMOp{0) if we have: 

\Mbmo„{o) = sup / 1^^ - ^^qI < +00. (2.2) 

QCO \Q\ JQ 

Here Q denotes an arbitrary parabolic cube 

Q = Qr = Qr{zo) = {ze M"+^; \\z - zoW < r}, (2.3) 

and 

''^ ^ \Q\ 

The functions in BMOp are defined up to an additive constant. We also define the space BMOp as: 

BMOpiO) = BMOpiO) n L\0) with \\ ■ = \\ ■ \\bmo, + II • IIli- 

Definition 2.2 (Parabolic Sobolev spaces) 

Let m be a non-negative integer. We define the parabolic Sobolev space W2^'^ {O) as follows: 

1^2^™'"" (O) = {ue L^{0);DlDlu G L^{0), Vr, s G N such that 2r + s<2m]. 
The norm of u & wl'^''^{0) is defined by: ||u||^^2m,m^^^ = X]j=oS2r+s=i W^t^l^Wi'^iO)- 



^Q=i7^ I ^- (2-4) 
Q 
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The next lemma concerns a Sobolev embedding of w"^^'^ . 
Lemma 2.3 (Sobolev embedding, [13|, Lemma 3.3]) 

Let m he a non-negative integer satisfying m > ^^^^ . Then there exists a positive constant C depending 
on m and n such that for any u G W"^^'^ {O) , the function u is continuous and hounded on O, and 
satisfies 

\\'u\\l°°(0) < C\\u\\y^2m,m^^y (2.5) 



2.1.2 Parabolic Lizorkin-Triebel and Besov spaces 

Here we give the definition of Lizorkin-Triebel spaces. These spaces are constructed out of the 
parabolic Littlewood-Paley decomposition that we recall here. Let iPq{z) G C^iW^'^'^) be a function 
such that 

iIjq{z) = 1 if ||z|| < 1 and Vo(^) = if ||z|| > 2. (2.6) 

For such a function -^O; we may define a smooth, anisotropic dyadic partition of unity (V'j)jeN by 
letting 

V'j(z) = Vo(2-^'"z)-^o(2-(^'-^N if j>l. 

Here a = (1, . . . , 1, 2) G M"+\ and for r/ G M, 6 = (6i, . . . , hn, hn+i) G M"+\ the dilation ri'z is defined 
by rfz = {rf^zi, . . . , r/^"z„, ry^^+iz^+i). It is clear that 

oo 

^^j(z) = l for zGM"+S 

and 

suppV'j C {z; 2^-^ < \\z\\ < 2^+^}, j > 1. 
Define (pj, j > as the inverse Fourier transform of ipj, i.e. <j)j = ipj. It is worth noticing that 

cPjiz) = 2("+2)(j-i)0^(2(-''-i'"z) for j > 1, (2.7) 

and that for any u G 5'(M'"+^), 

OO 

(n+l) — ^ . 1 

u = (27r) 2 y (pj * u, with convergence in S (M"""*" ). 
j=0 

We now give the definition of the anisotropic Besov and Lizorkin-Triebel spaces. 



Definition 2.4 (Anisotropic Besov spaces) 



The anisotropic Besov space B?i JW^^^) = B^ , s £ M., 1 < p < oo and 1 < q < oo is the space of 



functions u G S"(M"^^) with finite quasi-norms 
and the natural modification for q = oo, i.e. 



I^llsgoc = sup2^^||(?!)j *n||ip(]Rn+i). (2.9) 



4 



Definition 2.5 (Anisotropic Lizorkin-Triebel spaces) 

The anisotropic Lizorkin-Triebel space Fp*g(M"+i) = F^g, s £ R, I < p < oo and 1 < q < oo (or 
1 < q < oo and p = oo) is the space of functions u £ S"(M"+^) with finite quasi-norms 

(2.10) 

LP{R"+i) 

and the natural modification for q = oo, i.e. 

IMf^oo = II SUp2''^|(/>j * u|||ip(Rn + l). (2.11) 

A very useful space throughout our analysis will be the truncated anisotropic (parabolic) Lizorkin- 
Triebel space g that we define here. 

Definition 2.6 (Truncated anisotropic Lizorkin-Triebel space) 

The truncated anisotropic Lizorkin-Triebel space ^{M."'^^) = F^ g, s £ R, 1 < p < oo and 1 < q < oo 
(1 < q < oo if p = oo) is the space of functions u S S"(M'"+^) with finite quasi-norms 

(2.12) 

LP(R"+l) 

and the natural modification for q = oo, i.e. 

\\u\\ps = II SUp2'*J|(/>j * u|||ip(Rn + l). (2.13) 

The basic difference between Fp ^ and Fp ^ is that in Fp ^ we omit the term (pQ * u and only take in 
consideration the terms (pj * u, j > 1. Sobolev embeddings of parabolic Lizorkin-Triebel and Besov 
spaces are shown by the next two lemmas. 

Lemma 2.7 (Embeddings of Besov spaces, \H)\ Theorem 7]) 

Let s, i G M, s > t, and 1 < p,r < oo satisfy: s — = t — Then for any 1 < q < oo we have 

the following continuous embedding 

S^,,(M"+i) ^ S,*,,(M"+i). (2.14) 

Lemma 2.8 (Sobolev embeddings, [15^ Proposition 2]) 

Take an integer m > 1. Then we have 

Bl^^W^^'^^BllSo- (2.15) 
2.2 Basic logarithmic Sobolev inequality 

In this subsection we show a basic logarithmic Sobolev inequality. In particular, we show the following 
lemma. 



' P,<1 



1/g 



* u\ 



mips 



1/9 



E 



* u\ 
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Lemma 2.9 (Basic logarithmic Sobolev inequality) 

Let u S 14^2^™'™' (R""*"^) for some m £ N, m > Then there exists some constant C = C{m, n) > 

such that 

\\u\\f?0 < C* ( 1 + lltillpo ( 1 + (l0g+ ||n||^^2m,m)^ 
^oo,l \ -^00,2 \ *^'2 

Proof. First, let us mention that the ideas of the proof of this lemma are inspired from the proof of 
Ogawa (T31 Corollary 2.4]. The proof is divided into three steps, and the constants in the proof may 
vary from line to line. 



(2.16) 



Step 1. (Estimate of ||ti||po 



Let 7 > 0, and G N be two arbitrary variables. We compute: 



oo.l 



E 

l<j<N 



* U\ 



+ 



< iVl/2 



^2-^^2^J'|(/.j 

j>N 
1/2 



* U\ 



.l<j<N 



- oo,2 



where > is a positive constant. 
Step 2. (Optimization in N). 



1/2 



We optimize the previous inequality in by setting: 

N = l if ||u||p7 <2'^||'u|Uo 
In this case we can easily check that: 



log^ 



' "-^00,2 

\u\\ ^0 



1/2N 



(2.17) 



In the case where ||tt||pT > 2'>'||n||po ) we choose 1 < P < 2'^ such that 



N = log+ /? 



E N. 



oa,2 • 



We then compute: 



+ 



\U\\ T?-1 



-'^00.2 / J 



< Nbo 1-^ + 



log 2T 



log^ 



\U\\ T?l 



-^00,2 



1/2N 



1/2N 



< C^llnll^o ^ I 1 + I log 



\U\\ p7 



-^^00.2 , 



1/2N 
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hence we also have (|2.17p with a different constant 



Step 3. (Estimate of IliiHir^ ^ and conclusion). 
Noting the inequality 



a; (log (e + -"iV^^ < < 

X 



C(l + x(log(e + y))^/2j for 0<x<l 

for a; > 1, 



1/2 



_Ca;(log(e + y))i/2 

we deduce from (|2.17|) that: 

WuWpo ^<C^1 + \\u\\pQ ^ ^1 + (log^ ||u||j 

where the constant C depends also on 7. We now estimate the term . Choose 7 such that 

00,2 

n + 2 



(2.18) 



< 7 < 2m 



Call a = 2m — we compute: 



\U\\pl 



1/2 



^2^^--|^, 



< C||n||Bti 



* u\ 



1/2 



sup2"-'|(/)j * u\ 

j>0 



(2.19) 



It is easy to check (see (I2.14p , Lemma 12.71 and (|2.15p , Lemma 12. 8p that we have the continuous 
embeddings 



Tir2m,,m ^ T}2m , rja 
^2 ^ ^2,00 ^ i^oo.oo- 



Therefore (from inequality (j2.19p ) we get: 



lull p7 < C||n| 



hence the result directly follows from (j2.18p . I 
2.3 Proof of Theorem [TT] 

In this subsection we present the proof of several lemmas leading to the proof of Theorem II. 11 We 
start with the following lemma concerning mean estimates of functions on parabolic cubes. Call 
Q2J ^ j > 0, any arbitrary parabolic cube of radius 2^ (see (|2.3p for the definition of parabolic 

cubes). For the sake of simplicity, we denote 



= Q^, for all i G 



(2.20) 



Our next lemma reads: 
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Lemma 2.10 (Mean estimates on parabolic cubes) 

Let u G BMOpiW^^^). Take C Q^^^, j > (Q^ and Q^^^ do not necessarily have the same 
center). Then we have (with the notation \2.4^ ): 

kg^+i - uqj \ < (1 + 2"+2) \\u\\bmo,- (2.21) 

More generally, we have for any C , k ^"L: 

\uQk - uqj \ <{k- j) (1 + 2"+2) \\u\\bmo,- (2.22) 

Proof. We easily remark that: 



|Qj+i| ^ 2"+2|QJ| 



We compute: 



1 



\Uq, + 1 - UQj\ = J^jJT \UqJ + 1 - Uq,\ 



.n+2 



„ „ 2' , , 

< MlBMOr, + I ^.■4.11 / \U - Uqj+1 



ij+i 



< \\u\\bmo, + ^''^^Mbmo, < (1 + 2"+2) \\u\\bmo„ 
which immediately gives (I2.2ip . and consequently (I2.22p . ■ 

The following two lemmas are of notable importance for the proof of the logarithmic Sobolev inequality 
()1.2p . In the first lemma we bound the terms (pj * u for j > 1, while, in the second lemma, we give a 
bound on (f)Q * u. 

Lemma 2.11 (Estimate of * uWi^ao^^n+i^ for j > 1) 

Let u G BMOp{W^'^^). Then there exists a constant C = C{n) > such that: 

11^* (AjllL-CR^+i) < C'lhllBMOp(K"+i) for any j > 1, (2.23) 



where {(t>j)j>i is the sequence of functions given in \2. 7\ ). 
Proof. We will show that 

|((/., * u){z)\ < C\\u\\bmo, for z = 0. (2.24) 

The general case with z € M"""*"^ could be deduced from (j2.24p by translation. Throughout the proof, 
we will sometimes omit (when there is no confusion) the dependence of the norm on the space M""'"^. 
The proof is divided into three steps. 

Step 1. (Decomposition of *u)(0) on parabolic cubes). 

Since 4>j is supported in {z G W^'^; 2^-^ < \\z\\ < 2^+^} then ^j{0) = = (/>j. Using this 

equality, we can write: 

{(pj * u){0) = / (l)j{-z){u{z) - UQi-j)dz 
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where ^ is the parabohc cube defined by (|2.2U|) and centered at 0. This imphes that 



\{^j*u){0)\< \^.(^-z)\\u{z)-UQi-,\dz+ \cl),{-z)\\uiz)-UQ,-,\dz. (2.25) 

Step 1.1. (Estimate of ^1). 

Prom (|2.7p . the term Ai can be estimated as fohows: 



Ai < 2 



(n+2)(i-l)| 



/ \u{z) — UQi-]\dz 



< 2("+2)0--i)|gi-.|||^^||^^||^||^^^^^ 

< |Ql|||<Al||L°=lkl|BAfOp, 

hence 

M<Co\\u\\bmOp with Co = |(5i|||(/'i||l«>(ir"+i)- (2.26) 
Step 2. (Estimate of A2). 

We rewrite A2 as the following series: 

= 2("+2)0-i) Y f 01 f-2(j'-i)"z) \u{z)-Uoi^j\dz. (2.27) 



-oo<k<j 



Since (pi is the inverse Fourier transform of a compactly supported function then we have: 

V0m G N*, 3Ci > 0, \Mz)\ < for all ||z|| > 1. (2.28) 

The asymptotic behavior of <j)i shown by (j2.28p leads to the following decomposition of the term A2. 
A3 



~oc<k<j 



A4 



2-k\Qi-k ||2(i-i)«z| 



\un2-k — Un^-j\dz . 



—oo<k<j ' 

Step 2.1. (Estimate of yls). 

Since the integral appearing in A3 is done over Q^"'^ \ Q^"'', we obtain 

Using this inequality together with the fact that 

/ \u{z) - UQ2-,\dz < 2("+2)(2-fc)|Q,|||n||BMO,, 



we can estimate the term as follows: 

^3<Ci2"+M ^ 2-(^— j |Qi|||n||B,,o„ (2.29) 

where the above series converges for 0m > n + 2. 
Step 2.2. (Estimate of ^4). 

Using Lemma Eini and the fact that p^J-^^'^zf " > 2^'^(j-'=) on Q^-fc \ gi-fc^ the term A4 can be 
estimated as follows: 

\—oo<k<j j 

< Ci2"+2| ^ 2-(^— j ig^lll^ll^^^^^^ (2.30) 

\ — CXD<fc<J / 

where the above series also converges for 0m > n + 2. 
Step 3. (Conclusion). 

From (j2.26p . (j2.29p and (j2.30|) . inequality (j2.23p directly follows with a constant C > independent 
ofj. ■ 

Lemma 2.12 (Estimate of \\(j)Q * u\\ix(^n+i-j) 

Let u € M/^2"^'™(M"^^) with m > Then there exists a constant C = C{m,n) > such that we 

have: 

Ho * u\\l^ <C(^l + \\u\\bMOp (1 + log^ ||u||,;j,2m.m^^ . (2.31) 

Proof. The constants that will appear may differ from line to line, but only depend on n and m. 
The proof of this lemma combines somehow the proof of Lemmas 12.91 and I2.11[ We write down uqi 
as a finite sum of a telescopic sequence for > 1: 

^Ql = (UqI -Uq2)-\ h (UqN-I - Uqn) + UqN. 

From Lemma 12.101 we deduce that: 

\uqi\ < C{N - 1)\\u\\bmOp + \uqn\. 
Remark that applying Cauchy-Schwarz inequality, we get 



N 1/2 / . ^ 1/2 
qn \.lnN I X.InN 



\uqn\ < I \u\<{ I u'] III 



then we obtain 



/ \ n -\- 1 

\uqi\ <C {N\\u\\BMOp + '^''"''^\\u\\y^2m,m\ wlth 7= — — . (2.32) 
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Following similar arguments as in the proof of Lemma 12.91 we may optimize (|2.32|) in N, we finally 
get: 

1 1i 1 1 yy2m,m (2.33) 



|wqi| < C (1 + \\u\\bmOp ( 1 + 1o: 



We now estimate \ {(j)o*u){z)\ for z = 0. Again, the same estimate could be obtained for any z E M""'"^ 
by translation. We write 



(0o*n)(O) 



n + l 



4>oi-z)u{z) 



(t)o{-z){u{z) -Uqi) + (j)o{-z)uQi 
n+l JlRi+1 



B2 



B3 



'J0{-z){u{z) - Uqi)+ I (po{-z){u{z) - Uqi)+ (po{-z)uQl, 



where 

and, from (|2.33p . 



I-Bil < C\\u\\bmOp, 



l^al < C 1 + \\u\\bmo^ 1 + log+ \\u 



Wo 



(2.34) 
(2.35) 



In order to estimate B2, we argue as in Step 2 of Lemma |2. Hi In fact we have: 



\B2\ < f \M-z)M^)-^Q^+A+Y. f 



'>0{-z)\\uQk+l -Uqi\ 



< {^i sup |</,o(-^)|)|Q'+'|(l + A;) 1 IIuIIbmo, 
.>l 



,fc>i 



(2.36) 



where for the last line we have used the fact that |i?i'o(-2)| < Ipp™ H'^H — ^' course the above 
series converges if we choose 0m > n + 2. From (|2.34p . (|2.35p and ()2.36p . the result follows. ■ 

Corollary 2.13 (A control of ||u||po ) 

-''00,2 

Let u e BMOp(M"+i) n i(M"+i), then u e 2(1^""^^) ^e have: 



\u\\fO < C\\u\\]ll.rr^ \\u\\]l^ 



(2.37) 



where C = C{n) > is a positive constant. 
Proof. Using (j2.23p . we compute: 

1/2 



\u\\ po 



El 



< 



1/2 



sup * u\\lo^ ^ 



* u\ 



< c'II^^IIbmo„II'"II/o ' 



which terminates the proof. 
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Remark 2.14 From f^, it seems that BMOp spaces can be characterized in terms of parabolic 
Lizorkin-Triebel spaces. In the case of elliptic spaces, it is a well-known result (see fTSl which 
allows to simplify the proof of the Kozono- Taniuchi inequality. 

We can now give the proof of our first main result (Theorem II .ip . 
Proof of Theorem [TTTl Using ([2T6]) and ([QT]) . we obtain: 

Mpo^^^ <c{l + Wutilo^Wu^ll ^ (l + (log+ ||n||^2™,„)V2)^ . (2.38) 
Notice that the constant C can always be chosen such that C > 1. If 11 u 11 < 1, we evidently have: 
ll^^ll^^ ^ < C < C (l + Mbmo^ (l + log+ ||n||^2,n,™)) . (2.39) 

If ||n||po > 1, then, dividing (j2.38p by ||n||~(j , we can easily deduce inequality (|2.39p . Using the 
fact that 

- ll'^i * ""1^°° - ^ (ll'^o * u\\l^ + ||n||^o J , 
j>o 

and using inequalities (j2.3ip and (|2.39p . we directly get into the result. ■ 

3 A parabolic Kozono-Taniuchi inequality on a bounded domain 

The goal of this section is to present, on the one hand, the proof of Theorem ll.2[ On the other hand, 
at the end of this section, we give an application where we show how to use inequality (|1.3p in order 
to maintain the long-time existence of solutions to some parabolic equations. Let us indicate that 
throughout this section, the positive constant C = C{T) > may vary from line to line. 

3.1 Proof of Theorem [O] 

In order to simplify the arguments of the proof, we first show Theorem 11.21 in the special case when 
n = m = 1. Then we give the principal ideas how to prove the result in the general case. Call 

/=(0, 1) and l^T = /x(0,r), 

we first show the following proposition: 

Proposition 3.1 (Theorem [TT2l case: n = m = I) 

Let u G W^'^I^t)- Then there exists a constant C = C{T) > such that: 

As a similar inequality of (|3.ip is already shown on M? (see inequality (|1.2p ). the idea of the proof 
of (j3.ip lies in using (jl.2p for a special extension of the function u G W^'^(Or) to the entire space 
M^. For this reason, we demand that the extended function stays in W^'"'^(M^) which is done via the 
following arguments. Remark first that the function u can be extended by continuity to the boundary 
d^T of ^It- Take u as the function defined over 

Or = (-1,2) X (-r,2T) 
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as follows: 



u{x, t) = < 



and 



3ii(-x,t) +4n for -1< < 0, < t < T, 

/3-x \ (3.2) 
3u{2-x,t)+4u{ ,t] for Kx <2,0< t<T, 



, , I u(x, -t) for -T < t < , , 

^z^; ^\ — ) ^ ^ ^ — (3 3) 

] u{x, 2T - 1) for T <t<2T. ^ ^ 



A direct consequence of this extension is the following lemma. 
Lemma 3.2 (L^ estimate of u) 

Let u be the function defined by i3. ^|) and i3.3\) . Then there exists a constant C = C{T) > such 
that: 

II^IIlMQt) - '^"''ll-^Hf^T)- (3-4) 
Proof. The proof of this lemma is direct by the extension. ■ 

Another important consequence of the extension (|3.2|) and (|3.3|) is the fact that u G W2'^{^t), and 
that we have (see for instance [5j) 

Mw^'^Qt) - ^W'^Ww^-'inr)^ ^ = ^(^) > 0- (3.5) 
Let Zi C Z2 be the two subsets of VLt defined by: 

Zi = {(x,t); -1/4 < X < 5/4 and - r/4 < t < 5r/4}, 

and 

Z2 = {(x,t); -3/4 < X < 7/4 and - 3T /A < t <1T / A] . 
Taking the cut-off function ^ E C^(M^), < ^ < 1 satisfying: 



1 for (x,i)GZi 
for (x,t)GM2\Z2, 



we can easily deduce from (|3.5|) that G W'^^'^i^), and 

||^'^i|liy2,l(K2) < Cll-Ull^^a.l^^^). (3.7) 



bmce we can apply inequality (jl.2l) to the function ^'n, and, having (13. 7p in hands, 

the proof of Proposition 13.11 directly follows if we can show that 

II*^IIbmOp(r2) < C'II^^IIbmOpCCt)' (3-8) 
and this will be done in the forthcoming arguments. 
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3.1.1 Proof of Proposition [311] 

In all what follows, it will be useful to deal with an equivalent norm of the BMOp space. This norm 
is given by the following lemma. 

Lemma 3.3 (Equivalent BMOp norms) 

Let u G BMOp{0), O C M"+^ is an open set. The parabolic BMOp norm of u given by i2. 3\) is 
equivalent to the following norm for which we give the same notation: 

hWBMOpiO) = sup ( inf I \u-c\] , Q given by ^KM)- (3-9) 

QcO V^GIK \Q\ Jq J 

Proof. The proof of this lemma is direct. It suffices to see that for any c G M, we have: 

I"" - uq\ < |n - c| + |c - uq\ < |n - c| + [ \u- c\, 

\Q\ Jq 

which immediately gives: 

/ \u-uq\ <2 \u- c\, 
Jq Jq 

hence 

and the equivalence of the two norms follows. ■ 
Prom now on, and for the sake of simplicity, we will denote: 

The following lemma gives an estimate of inf -/- |u — c| on small parabolic cubes. 

Lemma 3.4 Let f £ Lj^^{M.'^). Take Qr ^ Q2r two parabolic cubes o/R^. We do not require that the 
cubes have the same center. Then we have: 

inf / |/-c|<8inf/ |/-c|. (3.11) 

Proof. For c G M, we compute: 



/ I^-'^I^W/ |/-c|. 

JQt \'^r\ jQ2r JQ2r 

Taking the infimum of both sides we arrive to the result. I 
The next lemma gives an estimate of inf -f Itt — c| on small parabolic cubes in 

fiT = (-1,2) X (o,r). 

Define the term rg > as the greatest positive real number such that there exists Qro ^ ^T, i-e., 

ro = sup{r > 0; r < 1/2 and < T/2}. (3.12) 

We show the following: 
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Lemma 3.5 (Estimates on small parabolic cubes in Qf) 

Let u be the function defined by \3.2(j and ^3.3\) . Take any parabolic cube Qr satisfying: 

Qr ^ ^^r, with r < ri and 2ri = ro, 
where ro is given by Ii3.12\) . Then there exists a universal constant C > such that: 

inf/ \u-c\<C\\u\\sMOAnry 



(3.13) 



(3.14) 



Proof. Call and 17^, the right and the left neighbor sets of defined respectively by: 



(-l,0)x(0,r) and l^f, = (1, 2) x (0, T). 



First let us mention that if the cube Qr lies in then inequality (j3.14p is evident (see the equivalent 
definition (j3.9p of the parabolic BMOp norm). Two remaining cases are to be considered: either Qr 
intersects the set {x = 0}U{x = 1}, or Qr lies in rjjf UO^. Our assumption (|3.13p on the radius of the 
parabolic cube makes it impossible that the cube Qr meets Qj^ and Q,^ at the same time. Therefore, 
and in order to make the proof simpler, we only consider the following cases: either Qr intersects the 
set {x = 0}, or Qr lies in fi^,. The proof is then divided into three main steps: 



Step 1. (Qr intersects the line {x 
Step 1.1. (First estimate). 



0}). 



Again the assumption j3.13p imposed on the radius r makes it possible to embed Qr in a larger 
parabolic cube Q2r ^ of radius 2r, which is symmetric with respect to the line {x = 0} (see 
Figure [1]). Then the center of the cube Q2r should be also on the same line, but we do not require 



T 



Q2r 




Qr 









-1 1 2 X 

Figure 1: Analysis on cubes intersecting {x = 0} 

that the two cubes Qr and Q2r have centers with the same ordinate t. Now, using Lemma 13.41 we 
deduce that: 

|m — c|<8inf+ |m — c|, (3.15) 

JQ: 



inf 



/ 



and hence in order to conclude, we need to estimate the right-hand side of the above inequality with 
respect to ||ii||_BMOp(r2T)- ^^^^ ^2r Qfr right and the left sides of Q2r defined respectively by: 

Qt = Q2r n Qt and Q^^r = Q^r n l^f.. 
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Also call (52™"* Q the translation of the cube Q2r by the vector (2r, 0), i.e. 

Qrr' = (2r,o)+g2r. 

For c G M, we compute: 

u — c\ = I \u — c\ + I \u — c\ 

2r ''Qir 



i3 I /~jtrans 

2r 



< / \u-c\+ I \u-c\, (3.16) 



where we have used the fact that u = u on Oy, and that ^ (52™"*- 
Step 1.2. (Estimate of Jqq \u — c|). 

We compute (using the definition ()3.2p of the function u on Q^): 

/ \u{x,t) — c\dxdt = / \ — 3u{—x,t) + 4u{—x/2,t) — c\dxdt 

< 3 / \u{—x,t) — c\dxdt-\-'i i \u{—x/2,t) — c\dxdt 

jQ'2r JQlr 

< 3 / \u{x^t) — c\dxdt + S I \u{x,t) — c\dxdt, (3-17) 



where 

Qi = {(x/2,t); {x,t) G Qi] C Ql C Q*// 
Prom (j3.17p we easily deduce that: 



|n — c| < 11 / |ti — c|, 

/ r^trans 

and hence (using p.l6p ). we finally get: 

/ \u-c\< 12 \u-c\. (3.18) 

Since |Q2r| = |(52™"1> inequality (imi) gives 

-I \u-c\<12-l 



\u — c\. 

^2r 



Since Q^2r^'^ ^ parabolic cube in $7^, taking the infimum over c E M of the above inequality, we 



;2r 

obtain: 



inf -/- In — c| < 12||n 
Prom (|313]) and (|3l^ . we deduce (|3l^ 
Step 2. (Q,. C J7f,). 
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i |n-c| < 12||n||BAfOp(nT)- (3-19) 



Let < ao < bQ < 1 and < ai < 61 < T be such that 

Qr = {-bo, -ao) X (ai, 61). 

For any c G M, we compute: 

/ \u{x,t) — c\dxdt = / \ — 3u{—x,t) + 4u{—x/2,t) — c\dxdt 

< 3 / \u{x,t) — c\dxdt + 8 / \u{x,t) — c\dxdt 



(3.20) 



with (see Figure [2]), 



T 



















bi 












Qr 






Ql 
















ai 














: 



-1 ~bo 



^ f ao bo 1 



Figure 2: Analysis on cubes Qr C fi^, 

'ao bo 



Qr = iao,bo) X {ai,bi) C and Q^ 



2 2 



X (oi, 61) C Or- 



We remark that Qf. is a parabohc cube in Qj^, while Qf. is not (its aspect ratio is different). In fact 
Qr could be embedded in a parabolic cube Qf. ^ Qf. ^ ^t, where Qf. is simply a space translation of 
Qr- In particular we have: 

\Qr\ = m = m. (3.21) 



The above arguments, together with (|3.20p give: 

/ I'M — c| < 3 / \u — c\ + 8 \u — c\. 

JQr Jq?- 

Taking the infimum in c G M for both sides of inequality (j3.22p . leads to 

inf 4- |n - c| < ll\\u\\BMOr,(nT)^ 



(3.22) 



(3.23) 



which implies (j3.14p . 
Step 3. (Conclusion). 



17 



As it was already mentioned at the beginning of the proof, the case where the parabohc cube Qr meets 
the hne {x = 1} or Hes completely in fi^, could be treated using identical arguments. Therefore, for 
all small parabolic cubes Qr satisfying (|3.13|) . inequality (|3.14|) is always valid, and this terminates 
the proof of Lemma 13. 5[ I 

A generalization of Lemma 13.51 is now given. 

Lemma 3.6 (Estimates on small parabolic cubes in Qt) 

Let u be the function defined by \3.S\) and \3.3^ . Take any parabolic cube Qr ^ satisfying: 

r <r2 with r2\/2 = ri, (3.24) 
where ri is given by 113.13]) . Then there exists a universal constant C > such that: 

^^il 1^ - c| < C||u||bmOp(Qt)- (3-25) 

Sketch of the proof. The arguments leading to the proof of this lemma are already contained in 
the proof of Lemma l3.5i First notice that if Qr ^ ^t, we enter directly (since r < r^/2 < ri) to the 
framework of Lemma [3. 5 1 and hence (j3.25p is direct. Because r < ri, remark that there exists a cube 
Qr obtained by a time translation of Qr such that Qr C fij^. Therefore it is impossible that Qr meets 
at the same time (—1, 2) x (T, 2T) and (—1, 2) x (— T, 0). For this reason, we either consider parabolic 
cubes intersecting {t = T} (see Figured]), or parabolic cubes in (—1,2) x (T, 2T) (see Figure H}. 



1 


\ 

2T 










T 


Qr 








QrV2 





-10 2 
Figure 3: n = T} / 



2T 



-10 2 
Figure 4: n {t = T} = 



Case Qr r\ {t = T} ^ 0. In this case, we first embed Qr in a larger parabolic cube Qr^ which is 
symmetric with respect to the line {t = T}, so the center of this cube lies in {t = T}. We now repeat 
the same arguments as in Step 1 of Lemma [3.51 using in particular the symmetry (|3.3p of the function 
u with respect to {t = T}, and the fact that we can consider the cube 

such that 
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for some cube Qn- Indeed, estimates on all such cubes Q**^* are already controlled by ()3.14p . 

Case Qrf\{t = T} = 0. In this case we repeat the same arguments as in Step 2 of Lemma [331 Indeed, 
in the present case, it is even simpler since the function u is symmetric with respect to {t = T}. ■ 



We now show how to prove estimate (|3.8p . 

Proof of estimate (13. 8p . The parabolic BMOp norm (j3.9p of "^u could be estimated taking the 
supremum of Jq — {"^u)q^\, Qr C R^, over small parabolic cubes {Qr with r < r2/2), and big 
parabolic cubes {Qr with r > r2/2). The proof is then divided into two steps. 

Step 1. (Analysis on big parabolic cubes Qr, r > r2/2). 

We compute, using the fact that ^ = onR'^\Z2, and < 1 on (gee ([3^61) ): 
/ |^'u-(^n)Qj < 2/ < / |u| 

JQr JQr \^r\ jQ,.n^2 

2'^ f 2"^ f 

^3/ 1^1 ^3/- \u\<C\\u\\LiinT)- (3-26) 

^2 JQrnZ2 ^2 J^T 

Step 2. (Analysis on small parabolic cubes Qr, r < r2/2). 

From the definition (|3.24p of r2, and the construction (j3.6p of the function ^, we deduce that if Qr 
intersects Z2 then forcedly Qr ^ ^t- If not, i.e. Qr D ^2 = 9 then ^' = on Qj.) and therefore: 



/ 

JQ. 



|^'u-(^?2)qJ =0. (3.27) 

Then we have only to consider Qr ^ 0,t- 
Step 2.1. (First estimate). 
Using ()3.10p . we get 

/ (^n)Qj < 2 inf/ \^u-c\<2-f \^u-co^q^ (3.28) 

JQr ceRjg^ Jq^ 

for any fixed constant cq G M. Remark that we can write: 

m - co^Q^ = {^- ^Q,.)u + {u- co)^Q,. (3.29) 

Hence, we deduce that 

4 l^f-u - (^'n)Qj < Cr 4 |u|+2inf-/ |u-co| 
jQr JQr coeMjg^ 

< Cr-f \u\+2C\\u\\BMO,[nT). (3.30) 

JQr 

where for the first line we have used that fact that ^' < 1 and that ^ is Lipschitz, and for the second 
line we have used (j3.25p . 



19 



step 2.2. (Estimate of j^^ \u\). 
We have 

j \u\ < \uQ^\ + i Itt-UgJ 

< \uqJ + 2 inf -/- In - c| 

< \uQj+2C\\u\\BMOp{nT)^ (3-31) 

where for the second hne, we have used (jS.lOp . while for the third hne, we have used p.25p . Remark 
that from the proof of Lemma 12.101 with n = 1, we have for Q2ir — Q2^+^r — ^T- 



< 2(1 + 2'^) ^sup ( inf f \u-c\ 

< 2C{1 + 2')\\u\\bmo 



(inf/ 



where we have used (j3.10p for the second hne, and, for the third hne, we have used (|3.25p assuming 
2J+ir < r2. Defining 

jo = min{j G N; r2/2 < 2^r < r2}, 
and using a telescopic sequence, we can deduce that 

\^Qr-^Q^,,J < Jo(2C(l + 23))||-ubMOp{QT) 

< C(l + |logr|)||n||sMO,(n^)- (3.32) 

Moreover, we have 

'""^a^oj ^ T7r—\ ~ 1^1 ^ ^ll^lli^n^)' (3-33) 
where we have used ()3.4p for the second inequality. From (j3.30p . (j3.32p and (|3.33p . we get: 

/ \u\<C iWuhi^nr) + (1 + I ^ogrDMBMOAnr)) (3-34) 

for some constant C > 0. 

Step 2.3. (Conclusion for r < r2/2). 

Finally, putting together ()3.30p and p.34p . we deduce that 

|^'n-(^n)Qj < C{{r\logr\ + l)\\u\\BMOp(nT) + \ML^QT)] 

Qr 

< C {\\u\\BMOp{nT) + II«IIli(!^t)) ' (3-35) 



where in the second line, we have used that r G (0, 1), and that r\ logr| is bounded. 
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Step 3 (General conclusion). 

Putting together (IHT^ . (^7I7\\ and ([235]), we get ([331). ■ 

We are now ready to show the proof of Proposition 13.11 

Proof of Proposition 13.11 Applying estimate ()2.37p . with m = n = 1, to the function S 
W2^'\r2) C L°°(m2)^ we get: 



\\u\\L°°iQT) = W'^^L^inr) < ll*^i||L°°(R2) < C [I + W'i'uWBMOpiR^) + log"^ ||^n||^^2,i 

Here, we have also used the fact that = 1 over 17^ (see ()3.6p ). Using ()3.7p . (j3.8p and the above 
inequality, we directly get (|3.ip . ■ 

3.1.2 Ideas of the proof of Theorem 11.21 

One of the main motivations for starting with the detailed proof of Proposition 13.11 (a simplified 
version of Theorem ll.2p is that it was used to show [HI Theorem 1.1]. The other motivation is that 
the arguments of the proof of Theorem 1 1 . 2 1 are all contained in the proof of Proposition 13. 1[ It suffices 
to make the following generalizations that we list below. 

Extension of u. In order to extend the function u G W2"^'^{^t) to the function u G W2"^'™'{Qt) with 
r^T = (— 1, 2)" X (— T, 2T), we first make the extension separately and successively with respect to the 
spatial variables Xi, with i = 1 ■ ■ ■ n. Then we make the extension with respect to the time variable 
that is treated somehow differently. Fix {x2, . . . , Xn, t) £ (0, l)""-*^ x (0, T), the spatial extension of u 
in xi is as follows: 



/ 2m- 1 



u{xi, 



Cju{—XjXi, . . .) for — 1 < xi < 0, 

(3.36) 

^ Cjm(1 + Aj(l - xi), . . .) for 1 < xi < 2, 



i=o 

with Ij = and where we require that: 

2m- 1 

^Cj{-ljf = l for k = Q---2m-l. 

j=0 

The above inequalities can be regarded as a linear system whose associated matrix is of the Vander- 
monde type and hence invertible. This ensures the existence of the constants cj, j = • • • 2m — 1, 
and therefore the above extension (j3.36p gives sense. 

After doing the extension with respect to xi, the extension with respect to X2 is done in the 
same way by varying the X2 and fixing all other variables. This is repeated successively until the Xn 
variable. 

For the time variable, we also use the same extension (j3.36p . Indeed, in this case, we may only 
sum up to m — 1 in (I3.36P . 
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The cut-off function ^. For the definition of tlie cut-off function ^, we first define tlie two sets: 
Zi = {{xi,..., Xn,t);yi = l---n, -l/4<Xi<5/A and - T/4 < t < bT/A} 

and 

^2 = {(xi,..., Vi = 1- --n, -3/4 < Xi < 7/4 and - 3r/4 < t < 7T/4}. 

The function ^' is then defined as ^' G C^(]R"+^) with < ^ < 1 and 



1 for {x,t)eZi 
for {x,t)£R^\Z2. 



^(^'0 = <1. . /.[.^2.^ (3-37) 



Generalization of Lemma \3.6l An analogue estimate of (j3.25p could be obtained for (n+l)-dimensional 
parabolic cubes Qr ^ = (—1,2)"' x (— T, 2T). It suffices to replace r2 satisfying (|3.24p . by the 
radius 

rn 

where r„ is defined recursively as follows: r^+i = rj/2 for < j < n — 1. 

Using the above generalizations, the proof of Theorem 11.21 follows . line by line, the proof of Proposition 

EH ■ 

3.2 Application of the parabolic Kozono-Taniuchi inequality 

In this subsection, we show how to apply the parabolic Kozono-Taniuchi inequality in order to give 
some a priori estimates for the solution of certain parabolic equations. These a priori estimates 
provide a good control on the solution in order to avoid singularities at a finite time, and hence serve 
for the long-time existence. The application that will be given here deals with a model that can be 
considered as a toy model. Indeed, this is a simplification of the one treated in where a rigorous 
proof of the long-time existence of solutions of a singular parabolic coupled system was presented 
(see [U Theorem 1.1]). Consider, for < a < 1, the following parabolic equation: 

Ut{x, t) — Uxx{x, t) = sin(na;(x, t)ux{x + a, t)) + sin(logti2:(x, t)) on M x (0, oo), 
u{x + l,t) = u{x,t) + l on Mx(0,oo), (3.38) 
^ Ux{x,0) > 6o> on M, 

the following proposition can be established: 
Proposition 3.7 (Gradient estimate) 

Let V = Ux and m{t) = m\nx<^nv{x^t). If u £ C°°(M x [0, cxd)) is a smooth solution of 113. 38\) . then, 
for some constant C = C{t) > we have: 

mi > -Cm (I log m| + 1), Vt > 0. (3.39) 
Remark 3.8 Inequality \3. 39^) directly implies that for every t > we have m{t) > 0. This is 



important to avoid the logarithmic singularity in \3. 38\) when v = Ux =0. 

Remark 3.9 The proof of the above proposition goes along the same lines as the proof of |3, Theorem 
1.1]. For this reason we only present a heuristic proof explaining only the basic ideas. The interested 
reader could see the full details in 
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Ideas of the proof of Proposition 13.71 Heuristically, the proof is divided into the following four 
steps. In what follows all the constants can depend on the time t, but are bounded for any finite t. 



Step 1. (First estimate from below on the gradient). 

Writing down the equation satisfied by v: 

vt{x, t) — Vxx{x, t) = cos{v{x, t)v{x + a, t)) {vx{x, t)v{x + a, t) + v{x, t)Vx{x + a, t)} 

+ cos{\ogv{x,t) f''^^'^} on Mx(0,oo), 

^ ^ ' " y(x,t) ^ ^' (3.40) 

v{x + l,t) = v{x,t) on Mx(0, oo) 

v{x,0)>6o>0 on M, 

we can show that for every t > 0: 

rrit > —niG with G{t) = max \vx{x,t)\. (3-41) 

Step 2. (Estimate of 1 1^x11 BA^Op)- 

Using the fact that u{x + l,t) = u{x,t) + 1, and that the right-hand term of the first equation of 
()3.38p is bounded, we apply the BMO theory for parabolic equation to (|3.38p and hence we obtain, 
for some positive constant ci > 0: 

lbx||BMOp((0,i)x(0,t)) < ci for any t > 0. 

However, the theory for parabolic equation applied to (|3.38p gives, for some positive constant 
C2 > 0: 

ll^a:||Li((o,i)x(o,i)) < ^2 for any t > 0. 
Finally, the above two inequalities give: 

ll^^llBMOp((o,i)x(o,t)) < ci + C2 for any t > 0. (3.42) 

Step 3. (Estimate of \\vx\ 



,2.1 



Let w = Vx, write down the equation satisfied by w. 

' Wt{x,t) - Wxx{x,t) 

= — sin(?j(x, t)v{x + a, t)) {v{x + a, t)vx{x, t) + v{x, t)vx{x + a, t)}^ 

+ cos(t>(2;, t)v{x + a, t)) {v{x + a, t)vxx{x, t) + 2vx{x, t)vx{x + a, t) + v{x, t)vxxix + a, t)} 

■ /-, / ,^''^l{x,t) , ( Vxxix,t) v'i(x,t)] ^ , , (3.43) 

-sm(log.(x,t))-||-^+cos(log.(x,t))|-^ on Mx(0,oo), 

w{x + l,t) = w{x,t) on Mx(0, oo) 
^ w{x,0) = Vx{x,0) on M. 

Using the theory for parabolic equations (with various values of p) to (j3.38p . (|3.40p and (j3.43p . 
we deduce, for some other positive constant c > 0, that: 

ll^-llH/2^'^((o,i)x(o,t)) ^ fo'^any t>0. (3.44) 
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Step 4. (Conclusion). 



Applying the parabolic Kozono-Taniuchi inequality (j3.1|) to the function Vx, using in particular (j3.42p 
and (j3.44p . we deduce that: 

G < C{1 + |logm|), 

which, together with (j3.43p . directly gives the result. I 
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